ENERGY MEASURE CLOSABILITY FOR DIRICHLET FORMS 



MICHAEL HINZ^ AND ALEXANDER TEPLYAEV^ 

Abstract. We consider symmetric Dirichlet forms on locally compact and non- locally 
compact spaces and provide an elementary proof for their closability with respect to energy 
dominant measures. We also discuss how to use known potential theoretic results to furnish 
an alternative proof of this theorem. 
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1. Introduction and setup 

The article is concerned with the closabihty of symmetric Dirichlet forms under a change 
of measure to an energy dominant reference measure, i.e. a measure with respect to which 
energy densites exist. It is well known that the existence of energy densities with respect to 
the reference measure entails a number of desirable properties, see our discussion below and 
[9l Chapter I]. In classical cases this property is immediate, cf. Example II. and often it 
is just assumed, but for some Dirichlet forms on fractals is atypical. In these cases we can 
turn to energy dominant measures in order to obtain natural constructions and statements, 
I2U| 1211 ED EZl US]- We have encountered the need to use energy dominant measures 
when dealing with fiberwise representations for spaces of 1-forms respectively vector fields 
in Section 2], see also [H ^ [TH] in this context. However, except for a few special cases 
(e.g. for local resistance forms or transient local Dirichlet forms) related closability results 
were not established. Here we prove that any regular symmetric Dirichlet form (together 
with its core) is closable with respect to any energy dominant measure. This produces a new 
Dirichlet form that has energy densities. We also provide a version of this result that applies 
to Dirichlet forms on measure spaces and therefore in particular to forms on non-locally 
compact topological spaces. To continue this introduction we collect some facts and notions. 

For a Dirichlet form {S,J^) on the space L2{X,fi) of /i-square integrable functions on a 
measure space (X, X, /i) the subspace J-" fl Loo{X, /i) of J-" is an algebra (with multiplication 
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defined pointwise /i-a.e), and in particular 



[9l Corollary 3.3.2]. If X is a locally compact Hausdorff space, /x a nonnegative Radon 
measure on X with full support and {£-,T) a regular symmetric Dirichlet form on L2{X,fi) 
with core C, then we have C C J-" fl Loo{X, fx), and for any / G J-" fl Loq{X, fj,) the expression 

Lficp):=£{cpfJ)-^£{f,cp), ^eC, 

extends uniquely to a bounded and nonnegative linear functional Lf on Co{X) which may 
be written 



Lfi^) = [ ^dVif), ^ G Co(X), 
Jx 



with a uniquely determined Radon measure r(/) on X, the energy measure of /. By ap- 
proximation energy measures r(/) can be defined for any f & J^, and by polarization we 
can subsequently define mutual energy measures r(/, g) for any f,gEJ^. For details see for 
instance [TSl [Ml SB |12] . 

Following Hino [201 Definition 2.1] we call a Radon measure m on X with full support 
an energy dominant measure for {S,J^) if all energy measures r(/), f & J^, are absolutely 
continuous with respect to m. An energy dominant measure for {S, J-") is called minimal if it 
is absolutely continuous with respect to any other energy dominant measure for {S,J^), [20| 
Definition 2.1]. If m is a minimal energy dominant measure for {S,J^), then for any Borel 
set 5 C X we have m{B) = if and only if T{f){B) = for all / G J^, [201 Lemma 2.4]. 
In some sense minimal energy dominant measures are optimally adapted reference measures 
for Dirichlet forms, in particular in view of Lemma 11.11 and Theorem 11.11 below. 

If m is energy dominant with respect to {S,J^) then the Radon-Nikodym density 

(2) r(/) := 

dm 

of r(/) with respect to m is in Li(X, m) for any / G J-". To r(/) we refer as the energy 
density of / with respect to m. If there exist a unique positive and continuous bilinear form 
F : X — )■ Li(X, /i) such that 



S{^f,f)-^£{f,v) = J^vT{f)df, 



for all V9, / G J-" n Loo(X, /i), then we say that {S,J^) admits a carre du champ (or square 
field operator), see [HI Chapter I, Definition 4.1.2]. The original reference measure /i itself is 
energy dominant for {S,J-') if and only if {£-,T) admits a carre du champ. In many cases 
the original reference measure itself is energy dominant. Finite dimensional examples 
for Dirichlet forms having this property are for instance provided by elliptic operators with 
regular coefficients on Euclidean domains or on smooth manifolds. 

Examples 1.1. The most classical case is given by the Dirichlet integral 

Jn 



where T is taken to be the £^i-closure of C^(n) in L2(fi), C being a smooth domain. 
In this case the energy measure of / G J-" is given by 

r(/)(A)= / |V/(x)pda;, Ac Borel, 

J A 

and the energy density with respect to the n-dimensional Lebesgue measure (restricted to 
f2) is r(/) = |V/p. For an arbitrary symmetric regular Dirichlet form {£,J^) the energy 
density r(/) may therefore be seen as a generalization of the square of the gradient |V/p 
and the energy measure as its more general measure version. 

An example for a Dirichlet form on an infinite dimensional (and therefore non-locally 
compact) space that admits a carre du champ is the Ornstein-Uhlenbeck form on the Wiener 
space, cf. [H Chapter II]. However, if {£, J-') is a local Dirichlet form on a fractal and fi is the 
natural Hausdorff measure, then it may happen that all energy measures are singular with 
respect to /x. This behaviour is typical for diffusions associated with resistance forms on p.c.f. 
self-similar fractals and in many cases also for diffusions on Sierpinski carpets, [8], [T71 [18] . 
Though the original reference measure /i may fail to be energy dominant, energy dominant 
measures always exist and can be constructed explicitely. The following lemma is a version 
of pni Lemmas 2.2, 2.3 and 2.4], [221 Lemma 2.2] and [SZl Lemma 2.2]. 

Lemma 1.1. Let X be a locally compact Hausdorff space, n a Radon measure on X with 
full support and {S,J^) a regular symmetric Dirichlet form on L2{X,fi). Then there exists 
a minimal energy dominant measure m for (£, J-"). It is unique up to mutual equivalence of 
energy dominant measures. We may choose m to be finite. 

We use the customary notation Si{f) := £{f) + ||/|lL2(X/i)' / ^ ^ standard proof of 
Lemma [1.11 is to take a countable family {/«}„ of functions from T such that < £{f) < 1 
and span({/„}^) is £^i-dense in J^, and to consider 

(3) m:=^a„r(/„), 

n 

where (a„)„ is a suitable sequence of positive real numbers. Detailed arguments can be found 
in [201 1221 EZ]. 

If m is energy dominant for J-") then the restriction (£, C) of the original Dirichlet form 
to its core C is a densely defined nonnegative definite bilinear form on L2{X,m) that enjoys 
the Markov property. To perform a full change of measure it remains to be shown that {S, C) 
is closable in L2{X, m). In this paper we give an elementary proof of this fact, see Section [2] 

Theorem 1.1. Let X be a locally compact Hausdorff space, fi a Radon measure on X with 
full support and {S, J-") a regular symmetric Dirichlet form on L2{X, n) with core C. Ifm is a 
finite energy dominant measure for {S,J^) then {S,C) is closable in L2{X,m) and its closure 
{£,J-'^'^^) is a regular symmetric Dirichlet form on L2{X,m). If X is second countable then 
the result is true also for infinite m. 

We briefly refer to this circumstance as energy measure closability. To our knowledge 
this Theorem in its present form is new, see however the remarks below and Section [H for 
its connection to preceding and related results. Our proof does not use capacities or quasi- 
notions, but is based on the Markov property and the Beurling-Deny decomposition together 
with some uniform integrability arguments. 
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We state Theorem 11.11 in the context of regular Dirichlet forms on locally compact spaces 
in the sense of [15] mainly because in this set up the existence of energy measures and the 
validity of a suitable Beurling-Deny decomposition are well known. However, we would like 
to emphasize that if we assume the latter, our method becomes applicable to Dirichlet forms 
on measure spaces as investigated in P, Chapter I], and we can obtain a corresponding result 
on energy measure closability in the measurable case. Theorem 13. II The precise assumptions 
and a description of the necessary modifications of our proof can be found in Section [31 

For the special cases of transient Dirichlet forms on locally compact separable metric 
spaces and Dirichlet forms induced by resistance forms versions of Theorem 11.11 had already 
been provided in [23] , based on [29] and [39] , respectively. General results on the closability 
of Dirichlet forms under a change of measure can be found in [2l [TOl HH [161 [331 ESI EH] i 
see also the references cited in these papers. With Theorem 11.11 in mind [HI [16] and [33] 
are maybe most relevant. In Section [H we provide an alternative proof of energy measure 
closability which uses these references together with a reasoning similar to that of [231 Lemma 
5.1]. 

To mention a particular consequence of energy measure closability let {H, dom H) and 
{H^"^\dom H^'"^^) denote the infinitesimal generators of the Dirichlet forms {£,J-') and 
{£,J-'^"^^), respectively. We write {H^,domH^) for the smallest closed extension in Li(X,n) 
of the restriction of the operator H to 

{/ G domH r]Li{X,i2) : Hf G Li{X,fi)} 

as done in [HI Proposition 2.4.2], and (H^"^^'^, dom if^™)'^) if m is used in place of fi. Recall 
that dom fl Loo{X, n) is an algebra if and only if is energy dominant, cf. [3 Theorems 
4.2.1 and 4.2.2]. However, the stability under multiplication of a dense subspace of the 
domain of the Markov generator is desirable, because it permits a flexible use of finite 
energy coordinates, see for instance [231 1211 [13]. It seems that the choice of a suitable 
volume measure m may be needed in order to be able to work with a particular coordinate 
system. We fix an immediate consequence of Theorem 11.11 together with [9| Theorems 4.2.1 
and 4.2.2]. 

Corollary 1.1. Let the hypotheses of Theorem ] 1.1\ be in force. Then dom H^"^^'^ H Loo{X, m) 
is an algebra, and for all f G dom if we have f^ G dom H^"^^'^ . 

In [22] we have discussed a local-compactification method for Dirichlet forms. Any Dirich- 
let form {S, J-") on a measurable space can be transferred into a regular Dirichlet form {S, J-') 
on the Gelfand spectrum A of the uniform complex closure of an algebra of bounded energy 
finite functions. By Lemma 11.11 we can always find a finite energy dominant measure m for 
the transferred Dirichlet form {S,J^), and as a consequence of Theorem II. 1[ the Dirichlet 
form {S,J^^"^'') obtained by change of measure always admits a carre operator with respect 
to m. More details are provided in Section [51 

Remark 1.1. Theorem 11.11 can for instance be used to generalize our previous results on the 
essential self-adjointness of magnetic Schrodinger Hamiltonians on fractals. In [21] we have 
studied this issue for Dirichlet forms induced by local regular resistance forms f27\ [23 [13] • 
Theorem 11.11 allows to immediately extend the method of Pl] to regular symmetric Dirichlet 
forms on fractals that are not necessarily induced by resistance forms, such as for example 
local regular Dirichlet forms on generalized Sierpinski carpets with spectral dimension ds > 2. 
Some background can be found in [3 [6l [7] . 
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2. Proof of energy measure closability 

In this section we prove Theorem ll.il As before, let {S, J-") be a symmetric regular Dirichlet 
form on 1^2 (X, fi). 

We first recall the Beurling-Deny decomposition, [151 Theorem 3.2.1], which itself may be 
seen as a consequence of the Markov property, see [31 Theoreme 1], [H Theorem 1.1 and 
Theorem 2.3]. Given / G C we have 

(4) S{f)=S,{f)+Sj{f)+S,{f), 
where 

£,{f) = [ dV^if) 
J X 

is a symmetric strongly local bilinear form with domain C and Tc{f) is the local part [T5l p. 
113] of the energy measure r(/) of / (with a normalization different from that in |15]). 



S,U) = / dV.if) 
Jx 

is a purely non-local form with 

Tj{f){dx) := / {f{x)-f{y)'J{dxdy), 
Jx 

where J is a symmetric nonnegative Radon measure onXxX\{(a;,a;) : x & X}, and 

£,{f) = [ dV.if) 
Jx 

is the killing part of £{f), where 

Tk{f){dx) := f{xfn{dx) 
with a nonnegative Radon measure k on X. As a consequence we see that 

(5) / vdT{f)= I ^dV,U)+ [ ^dT^{f) + ^ j ipdT.if) 

for any G C, cf. [15;, page 114], and as the measures rc(/), ^ j{f) and rfc(/) are finite, 
equality ^ extends to any bounded Borel function (y9 on X by bounded convergence. This 
also shows that 

(6) r(/) = r,(/) + r,(/) + lr,(/), 

seen as an equality of nonnegative Radon measures on X. In particular, = T{f){X) + 
\Sk{f)- For further details see [ISl Sections 3.2 and 5.3] or [371 Section 2]. 

We will now record a simple consequence of the Markov property. For any a > set 

{—a if y < —a 
y ii-a<y <a 
a ii a <y. 

Clearly each Tq, is a Lipschitz function with Tq,(0) = and therefore f E C implies Ta{f) G C. 
Lemma 2.1. There is a constant c > such that for any f E C and any a > we have 
(8) S{f~TM))<cT{m\f\>a}). 



For the local part £c we observe the stronger result 

(9) ^,(/-T.(/)) = r,(/)({|/|>a}). 

Proof. Let f/ be a relatively compact open neighborhood of supp /. Then also f/fl {|/| < a} 
is open and relatively compact. On this set we have f — Ta{f) = by ([7]), what implies 

Scif - TM)) = r.(/ - r,(/))({|/| > a}), 

by the locality of Fc, see for instance [Ul Corollary 3.2.1]. By the same reason Tc{a){U) = 0, 
and with Cauchy-Schwarz the identity (jH]) follows. For the non-local part note that by the 
contraction properties of Tq,, 

/(x, y) := (fix) - TM)ix) - fiy) + T^{f){y)f < 4(/(x) - f{y)f 

for any x,y E X, and by ([7]), 

£j{.f -TaU)) = I I I{,x,y)J{dxdy) + / / I {x , y) J (dxdy) . 

J{\f\>C'}JX J {\f\<C'} J {\f\>c} 

For the second summand we may use the symmetry of J to see it is bounded by the first. 
Consequently 

^,(/-r«(/))<8F,(/)({|/|>a}). 

For the killing part we have 

£kif - < 4 /" f'dK = AT,{f){{\f\ > a}), 
>^{|/l>"} 

and identity (|6]) finally implies (|8]). □ 

Now recall that m is an energy dominant measure for {S,J^). Let us agree to use no- 
tation with this very m. The next lemma is an observation concerning the uniform 
m-integrability of the energy densities of £^-Cauchy sequences. In a similar form this argu- 
ment appeared already in |10l Lemma 2.1], we sketch it for completeness. 

Lemma 2.2. Let {un)n d he an S-Cauchy sequence. Then the sequence (r(u„))„ is 
convergent in Li{X,m) and in particular, uniformly m-integrable, i.e. for any e > we can 
find some 6 > such that for any Borel set A G X , m{A) < 6 implies 

sup T{un){A) < e. 

n 

Proof. As shown in [20] Lemma 2.5(i)] we have 

(10) \T{ff/^{x) - T{gf'^{x)\ < T{f - gfl^{x) for m-a.a. xeX 

and for any f,g G J^. This follows easily because r(s/ + tg) > for all s,t E Q m-a.e. 
Reasoning similarly as in [lOl Lemma 2.1] and [201 Lemma 2.5(ii)], 

T{um) - T{un)\dm = [ |r(M„)i/2 _ r(n„)V2| (r(n„)i/2 + TM'^') dm 
X Jx 

1/2 

1/2 



< 2 |r(M„)^/2 - r(n„)^/2|2^^^ supS{ur. 



and integrating (ITUl) we see that (r('u„)),^ C Li{X,m) is Cauchy in Li(X, m), hence conver- 
gent, what implies uniform integrability. □ 
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Remark 2.1. Alternatively we could use the integral form of (fTOj) . 

for f,g & and any bounded non-negative Borel function ip, see [151 P- HI] 5 to conclude 
the uniform integrability from the Vitali-Hahn-Saks Theorem, cf. [121 Theorem III. 7.2]. 

For later use we record a particular consequence of Lemma 12.21 It is a tightness result for 
the jump part. 

Corollary 2.1. Assume that m is finite or that X is second countable. Let {wn)n d be 
an S-Cauchy sequence and let e > 0. Then there exists a compact set K G X such that 



(11) sup / / (w„(x) - Wniy)) J{dxdy) < e. 

n J X J X\K 

Proof. Assume first that m is finite. With the very e > as given, let 5 > be as in 
Lemma 12. 2[ Since m is a finite Radon measure, we can find some compact K (Z X with 
m{X \ K) < 6, so that Lemma [2.21 entails f|TT]) . Now assume m is arbitrary but X is second 
countable, hence Polish. Let g be the limit in Li{X,m) of the sequence (r(w„))„. Then the 
sequence of measures {r{wn) dm)n converges weakly on X to the measure gdm, and as all 
subsequences inherit this convergence, Prohorov's theorem tells that (r(w„) rfm)„ is tight. 
This implies f lTT]) . □ 

With the aid of Lemma 1?^ we can establish a key Proposition which allows to switch from 
a given £-Cauchy sequence to a sequence that is decreasing in uniform norm. 

Proposition 2.1. Let {un)n C C be a sequence that is S-Cauchy and converges to zero in 
L2{X,m). Then there are a sequence {kj)j C N with limj kj = 00 and a subsequence {vj)j of 
(un)n such that 



(12) \im£ [ Vj~T^{vj) ] = 0. 



Proof. According to Lemma [2.21 for any j G N \ {0} there exists some other kj such that for 
any k > kj 

1 f 1 

(13) m(A) < — implies sup / T(uni)dm < - 

k I Ja J 

for any Borel set A <Z X. As {un)n converges to zero in L2{X,m) we further observe that 
for any k there is some ra^ such that for and n > we have 

(14) m (\un\ > 7 ) < ^ 



kJ k 

Combining f ll3p and fll4p shows that for any n > Uk we have 



sup / r(M„J(im < -. 

I J[\un\>i-\ J 
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Writing vj := Un,.. and using Lemma [2.11 we see that in particular 

1 



^ c I ^ ^ T{vj)dm < 



□ 

We finally prove Theorem 11.11 
Proof. Let (m„)„ C C be a sequence that is £^-Cauchy and converges to zero in L2{X, m). Let 



{vj)j be the subsequence of and {kj)j the corresponding sequence of indices with f|T2 
shown to exist in Proposition 12.11 Clearly {vj)j is £^-Cauchy, too. We have 



which by ([T2|) is arbitrarily small, provided j and I are large enough. Consequently 

■.= Ti{vj) 

defines an £^-Cauchy sequence {wj)j. By construction 

sup \ Wj[X) I < — 

for all j. Below we will show that 

(15) lim£{wj) = 0. 

j 

Then another application of f[T^ yields limj£{vj) = 0, and since {vj)j is an £^-convergent 
subsequence of the ^^-Cauchy sequence {un)n, we necessarily have 

\im £{un) = 0. 

n 

Because C is dense in Co{X) and therefore in L2{X, m), the bilinear form {£, C) is a closable, 
densely defined and positive definite symmetric bilinear form on L2{X,m). It is easily seen 
to satisfy the Markov property. 

To verify f lTSj) . let e > 0. Choose jo = Jo(^) such that for any j, I > jo we have 

(16) £{wj - wiY^^ snp£ {wjY^^ < e. 



Let i^' C X be the compact set which satisfied (11 II) with this very e. We may assume it 
contains the closure f/ of a relatively compact open neighborhood U of suppw^g, otherwise 
consider KUU instead. By Urysohn's lemma for locally compact spaces and by the regularity 
of {£,J^) we can find a function G C such that < (f < 1 and (f = 1 on i^. By 
([1]) the product ipwi is a function in C for each /, note also that supp ipwi is contained in 
suppv9 n suppw;. The sequence {(pwi)i is £^-Cauchy and converges to zero pointwise on X. 
By bounded convergence it therefore tends to zero in L2{X,fi), and by the closability of 
{£,€) in this space we obtain 

\im £{fWi) = 0. 

In particular, there exists some Iq > jo such that for all j > Iq we have 

(17) £{ipw,y/^snp£{w,y/^ <e. 

j 
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Let j > Iq and note that 

(18) £{wj) = £{wj^,Wjo - Wj) + £{wjo,Wj). 

By Cauchy-Schwarz and f|T6l) the first summand in (|T8|) is bounded by e. For the strongly 
local part of the second summand we have 

(19) Sc{wj^,Wj)= fTc{wj,,,Wj) = £c{wj^,fWj) < e, 



Jx 

where we have used the product rule, Lemma 3.2.5], the (strong) local property of Fc, 
[T5| Corollary 3.2.1], Cauchy-Schwarz and (IT7|) . The killing part can be estimated in a similar 
manner, 

(20) £k{wjo,Wj) = £k{v'>^jo,'Wj) = £k{wjo, ^Wj) < e. 
For the jump part we have 

Jx J K 

+ (wjoix) -Wj,,{y)){wj{x) -Wj{y))J{dxdy). 

Jx J X\K 

By Cauchy-Schwarz and Corollary 12.11 the second summand is less or equal e. The first can 
be rewritten as 

(21) / {wj,{x) -Wj^{y)){ip{x)wj{x) -ip{y)wj{y))J{dxdy) 

J K J K 




+ / (^io (x) - 'Wjo{y)){wj{x) - Wj{y))J (dxdy) . 

Jx\K J K 

The first double integral in ( 12T|) is bounded by £j{wj^^Y^'^£j{ipWjY^'^ < e. Due to the sym- 
metry of J the second double integral equals 

{wj^{x) - Wj„{y)){wj{x) - Wj{y))J{dxdy), 

' K J X\K 

and using Cauchy-Schwarz and Corollary 12. II yet another time, it is seen to be less than e. 
Clipping the estimates, we obtain 

£{wj^,Wj) < 6e 

for j > Iq. As £ > was arbitrary, this and (fT5|l show (IT^ . Note that the preceding proof 
simplifies considerably if /i is a finite measure. □ 

3. Generalization to the measurable case 

In this section we discuss Dirichlet forms on measure spaces as in |21 Chapter I]. Under 
some additional assumptions we can generalize Theorem 11.11 to this set up. 

Let {X,X,fi) be a a-finite measure space and {£,J-') a symmetric Dirichlet form on 
L2{X,n). Denote the space of all bounded A'-measurable functions by bX. We consider 



(22) 



i3 := {/ G bX : the //-equivalence class of / is in fl Li{X, fi)} 
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By ([ID, Cauchy-Schwarz and the Markov property the space B is seen to be a multiphcative 
Stonean vector lattice. We write (t{B) to denote the a-ring of subsets of X generated by B, 
cf. ^llj. We also use the notation 

iB0B)d ■■= eB(^B: {J2fi®9i)ix,x) = for all a; G x| 

and write a{{B<^B)d) for the cr-ring of subsets of X x X generated by the space of functions 
{B ® B)d- The symbol A^(cr(-B)) stands for the space of all finite signed measures on cr(i3). 
To obtain a version of Theorem 11.11 we make the following additional assumptions: 

Assumption 3.1. We assume there exists a function x ^ ^ that vanishes nowhere on X. 

Assumption 3.2. The Dirichlet form {S,J^) admits a Beurling-Deny decomposition in the 
following sense: There is a uniquely determined triplet (Tc, J, k) consisting of 

(i) a map B x B ^ M{cr{B)) that satisfies Tdf) > for any f e B and 
(23) T,{fg,h) = fT,{g,h)+gT,{f,h) for any f, g, h e B, 

(ii) a nonnegative measure J on o-{{B ® B)d) with {B ® B)d C Li{X x X, J) and 

/ / F{x,y)J{dxdy) = [ [ F{y,x)J{dxdy) for all F e {B ^ B)d, 
Jx Jx J X J X 

(iii) a nonnegative measure n on a{B) with B C i^i(X, k) 
such that for any f,gEBwe have 

£{f,g) = £cif,g) + £jif,g) + £k{f,g), 

where the summands on the right hand side are the total masses on X of the finite signed 
measures on cr{B) given by Tc{f,g), 

Tj{f,g){dx) := / {f{x)-f{y)){g{x)~g{y))J{dxdy) 
Jx 

and 

Tkif,g)idx) := f{x)g{x)K{dx). 

Assumption 13.21 implies that {£,J^) admits energy measures: For any f E B there exists a 
finite nonnegative measure r(/) on cr{B) such that 

£ifhj)-^£if,h) = J^hdVif), heB. 

Mutual energy measures T{f,g), for f,g E B can then be constructed by polarization. 
A nonnegative measure m on (j{B) will be called energy dominant if all r(/), / G B, are 
absolutely continuous with respect to m. We can always construct energy dominant measures 
for {£, J-") using the idea of Lemma [1.1 1 and we may choose them to be minimal and finite. 
The following statement generalizes Theorem 11.11 

Theorem 3.1. Let {X,X,fi) be a a-finite measure space and {£,J-') a symmetric Dirichlet 
form on L2{X,fi) satisfying Assumptions \3. 1] and \3.2[ Let m be a finite energy dominant 
measure for {£,J-'). Then {£,B) is closable in L2{X,m) and its closure {£,J-'^"^^) is a sym- 
metric Dirichlet form. 
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A proof follows by minor modifications of the arguments in Section |2l we sketch them 
briefly. Note first that ( 123|) implies that Fc is local in the following sense: If / G i3, -F : R — )■ M 
is Lipschitz with -F(O) = and F is constant on an interval (a, b) C M, then 

(24) r,(F(/)) = on{a</<6}. 

This can be seen by a reasoning similar to [151 Corollary 3.2.1]. Therefore the statement of 
Lemma 12.11 holds for any f (z B. Corresponding versions of Lemma 12.21 and Proposition 12.11 
hold anyway. Given an £^-Cauchy sequence (u„)„ that converges to zero in L2{X, m) we may 
proceed along the lines of the proof of Theorem 11.11 in Section [21 pass to a subsequence {vj)j 
and consider the £^-Cauchy sequence {wj)j with Wj := Tj_{vj) with sup^gj^ ^ V^r 

Again we need to show ( fTSl) . that is \im.j£{wj) =0. If /x is finite this follows from the 
closability of {£,J-'). To tackle the general case we use Assumption 13. 1[ Set Ak := {x > 1} , 
A; e N \ {0}. Then all A^ have finite /i-measure, Aj. C A^+i for all k and X = IJ^A^. By 
Lemma 12.21 and the finiteness and continuity of m we can find some k such that 

supT{wj){X\Ak) < e. 
j 

The function 

¥Pfc:=A;(A; + l)(xA--xA 



k " k + 1' 

is a member of B, equals 1 on Ak and vanishes outside Ak+i- Therefore {(pkWj)j converges 
to zero in L2 {X, fi) what implies 

\im£{(pkWj) = 0. 

j 

Now recall that given e > we need to bound £{wjg,Wj) in (ITS!) . We have 
(25) 

1 /■ . .1 



£ {wj^ ,Wj)= / dT{wj^ dV {wj^ ,Wj) + - dTkiwj„,Wj) + - dVk (wj, , 



r) I - \ — JUT J / ' r) 



and by Cauchy-Schwarz the second and fourth summand cannot exceed 

sup £ {wjf/^ sup V{wj){X\ Akf/^ 
j 



For the local part of the first summand in fl25|) we have 

dTc{wjo,Wj) = / ipkdTc{wjo,Wj) = / dT{wj^,ipkWj) < £{(pkWjy^'^ snp£{wjy^'^, 

Ak JAk JAk j 

note that Ak = [js>o ^ i + each set {x > + ^} "we have Tc{wjg, fkWj) = 

^c{wjQ,Wj). The nonlocal part of the first summand in fl25|) can be rewritten and estimated 
in a similar manner as in fl2Tl) . and a bound for the killing parts is straightforward. As before 
we may conclude that there is a constant c > 0, independent of jo, such that £{wjg, Wj) < ce 
for any sufficiently large j. 

4. QUASI-SUPPORTS AND AN ALTERNATIVE PROOF 



In this section we sketch an alternative proof of Theorem I l.H this time based on potential 
theoretic arguments in [TH [161 Throughout this section we adopt the hypotheses of 
these papers and therefore assume that X is a locally compact compact separable metric 
space, n a Radon measure on X with full support and {£,J^) a regular symmetric Dirichlet 
form on L2{X, fi) with core C. 
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The 1-capacity associated with {SjJ-") is defined as 

Cap(A) := inf {Si{u) : u E and m > 1 /i-a.e. on A\ 

for open sets A (Z X. If the infimum is taken over the empty set, Cap(74) is set to be infinity. 
The 1-capacity of an arbitrary subset A G X is defined to be 

Cap(A) := inf {Cap(5) : B D A, B open} . 

If {S,J-') is transient we can also define the associated 0-capacity using £ in place of £i, it 
will be denoted by Capg. 

The following statement is an immediated consequence of [151 Lemma 3.2.4] together with 
[2U| Lemma 2.3], we just have to consider minimal energy dominant measures of type ([2]). 

Theorem 4.1. Let m be a minimal energy dominant measure for {S,J^). Then m charges 
no set of zero capacity. 

On the other hand, if m is energy dominating but not necessarily minimal, we can consider 
the part of m that is absolutely continuous with respect to Cap. Since m is a Radon measure 
and Cap is countably subadditive, there exist Radon measures mo and mi and a Borel set 

C X of zero capacity such that m decomposes uniquely into the sum 

(26) m = mo + mi, 

where mo = lx\Nf^ is absolutely continuous with respect to Cap and mi = l^rm. See for 
instance pUl Lemma 2.1]. 

Theorem 4.2. Let m be an energy dominant measure for {S,J^) and mo its absolutely 
continuous part with respect to Cap as in ^2D\) . Then also mo is energy dominant. 

Proof. Let f E J^. If A C X is a Borel set such that = mo (A) = m{A \ N), then also 
T{f){A \ N) = 0, because m is energy dominant. Since r(/) does not charge sets of zero 
capacity we have T{f){A n N) < T{f ){N) = 0, too. □ 

Remark 4.1. The measure mo is generally not minimal energy dominant. For example, 
consider 

Jo 

fi{dx) = dx being the Lebesgue measure on (0, 1) and C i^2(0, 1) the £^i-closure of Co(0, 1). 
Then J^) is a regular Dirichlet form on ^2(0, 1). Let C Co(0, 1) fl J-" be a countable 

family of functions with (/^)^ < 1 and span({/„}^) dense in J^. Let 81/2 be the normalized 
Dirac measure at 1/2. Then both 

m! := ^ 2""(/^(x))^(ia; and m := m' + 61/2 

n 

are energy dominant measures for {S,J^). Since points have positive capacity, both are 
absolutely continuous with respect to Cap, and in particular mo = m in f EBj) . But m is not 
minimal among the energy dominant measures, because 



m({l/2}) = 1 and m'({l/2}) = 0. 
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A set C X is quasi-open if for any e > there exists an open set G containing E such 
that Cap(G\-E') = 0. A set is said to be quasi-closed if it is the complement of a quasi-open 
set. A function on X is called quasi- continuous if for any e > there exists an open set 
G G X with Cap(G') < e and the function is continuous on X \ G. Any element u G J-' has 
an m- version that is quasi-continuous. See fTEl Theorem 2.1.3]. We will denote this version 
by u. If a property holds on X\X, where X C X is a set of zero capacity, Cap(X) = 0, then 
we say this property holds quasi- everywhere, abbreviated q.e. For A, 5 C X we write A (Z B 
q.e. if Cap(y4 \ i?) = 0. Given a nonnegative Radon measure z/ on X that charges no set of 
zero capacity, a set F C X is called a quasi- support for z/ if F is quasi-closed, z/(X \ F) = 
and for any other set F C X with these properties we have F G F q.e. The measure u is 
said to have full quasi-support if X itself is a quasi-support for v. The following condition is 
necessary and sufficient for v to have full quasi-support: 

(27) M = z/-a.e. if and only if m = for any u G T . 

A proof of this equivalence is given in [HI Theorem 3.3]. Here we are interested in the 
quasi-supports of energy dominant measures. 

Theorem 4.3. Assume {£iJ^) is irreducible or transient. Let m he an energy dominant 
measure for {S, J-') that does not charge sets of zero capacity. Then m has full quasi-support. 

Irreducibility or transience are the standard assumptions for the results in [TJl Uni 133] that 
are relevant for our proof of Theorem 14. 2[ Note that they were not needed in Section [21 The 
next corollary is an immediate consequence of Theorem 14.21 

Corollary 4.1. Assume {S,J^) is irreducible or transient. If m is an energy dominant 
measure for {£,J^), then tuq has full quasi-support. 

Our main conclusion from Theorem 14.31 will be a special case of Theorem 11.11 It follows 
from Theorem 14.31 by the arguments of [TU Section 5, in particular Theorem 5.3]. 

Theorem 4.4. Let {S,J^) be a regular Dirichlet form on L2(X, /i) with core C. Assume 
{£, J-") is irreducible or transient and let m be an energy dominant measure for {S, J-"). Then 
{£,C) is closable in L2{X,m). 

To prove Theorem 14. 3 1 we first establish the following lemma. It is a version of [21 Theorem 



Lemma 4.1. Let u G be such that u = T{u)-a.e. Then also T{u){{u = 0}) = 0. 
Proof. For the jump part of the energy measure we observe 



5.2.3]. 




= 
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by the symmetry of J. The kiUing part also vanishes, 



Tk{u){{u = 0}) = / u{xyK{dx) = 0. 

J{u=0} 

For the strongly local part we follow the argument of [9], Theorem 5.2.3] and use the closability 
of {£,J-'). Let {(pn)n be a sequence of C^(M)-functions with < ip < 1 and compactly 
supported that approximate l{o} pointwise. Then we also have 

(28) lim (/)„(«) = 1|o|(m) r(M)-a.e. 

n 

By and bounded convergence, {ipn{u))n converges to l{o}('u) in L2{X,Tc{u)). For any 
n set ^ 

Fnis) := / ipnit)dt. 
Jo 

By the chain rule [T51 Theorem 3.2.2] it now follows that 

(29) lim^,(F,(n)) = lim [ ipr,iufdT,{u) = T,iu)i{u = 0}), 

and as {(pn(u))n is Cauchy in L2{X,Tc{u)), the sequence (F„(-u))„ is £c-Cauchy, because 



8c{Fn{u) - Fk{u)) = I {(pn{u) - (pk{u)) dTc{u). 
But it is also Sj- and £^fc-Cauchy: We have 



X 



cu{y) nl 

\Fn{u){x) - Fn{u){y)\ = I / ipnit)dt\ = \u{x) - u(?/) | / (^„((1 - X)u{x) + Xu{y))dX, 



'u{x) Jo 

which is bounded by \u{x) — u{y)\ and goes to zero by bounded convergence on (0,1). 
Dominated convergence (w.r.t. J) therefore shows that 

\im£j{Fniu)) = lim /" [ (F„(m)(x) - Fn{u){y)f J{dxdy) = 0. 
" JxJx 

For the killing part we similarly observe 

f ^ f f /"^'•^^ A ^ 

lim£^fc(F„('u)) = lim / Fn{u{xY K{dx) = I I ipn{t)dt \ K{dx) = 0. 

" Jx Jx \Jo J 

Therefore (-F„(u))„ is £^-Cauchy. By dominated convergence (F„(m))„ goes to zero in L2{X, /i). 
The closability of {S,J^) therefore implies 

limS,{Fn{u)) < limS{FM) = 0, 

n n 

and together with ([29D, Tc{{u = 0}) = 0. □ 
Remark 4.2. 

(i) If {S,J^) is local, the condition u = r(M)-a.e. is not needed. 

(ii) In the proof of [H Theorem 5.2.3] closability was used to show that for any strongly 
local Dirichlet form {S,J-') we have r{u){{u G K}) = for any u & T and any set 

C M of zero Lebesgue measure. This fact implies the validity of the chain rule for 
Lipschitz transformations. 

We prove Theorem 14.31 
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Proof. It suffices to check condition (127|) . If m G J-" is such that u = q.e. then also u = 
m-a.e. because m does not charge sets of zero capacity. To verify the converse, let m G J-" be 
such that u = m-a.e. Then we have r{u){X) = by Lemma [4.11 and therefore S{u) = 0. 
Now consider the case that {£, J-") is irreducible. Following and [23] set 

S-{f,g):=S{f,g) + {f,g),^^^^^^ 

for /, (jf G J-" n L2{X,m), where J-" denotes the collection of all £-quasi-continuous versions 
of elements of J-". Then {£"^,J^n L2{X,m)) is a Dirichlet form on L2{X,fi), see jTSJ Lemma 
6.1.1] and obviously C C J^nL2{X,m). Moreover, by [521 Theorem 2.1 and Proposition 2.2] 
the Dirichlet form {S'^,J^r\L2{X,m)) is regular and transient. Note that the m-equivalence 
class of the Borel function u has zero L2{X, m)-norm and hence is a member of J-'r\L2{X, m). 
Now let Cap™' and Cap[J^ denote the 1- and 0-capacity associated with (f^"*, J^fl L2(X, m)), 
respectively. From their definition it follows that Cap™ dominates Cap^. Hence any 8^- 
quasi-continuous version of u is also an £^-quasi-continuous version of u. We may therefore 
assume that u is £^™-quasi-continuous. Then for any £ > the weak capacitary inequality 

(30) Cap™({|2|>e})<l£™(^I) 

holds, and since £"^(u) = £{u) = 0, we may conclude that Cap™({|M| > 0}) = 0. By 
transience this implies Cap™({|M| > 0}) = and therefore Cap^({|M| > 0}) = 0, that is 
u = q.e. If {S,J-') is transient the proof simplifies, because ( 130|) is valid for £ itself and a 
set is of zero 1-capacity if and only if it is of zero 0-capacity. □ 

5. Dirichlet forms on the Gelfand spectrum 

In some situations the space X itself may not possess nice topological properties, or the 
Dirichlet form {S,J^) may not be regular. In [22] we have discussed a method to 'embed' an 
image of X into a locally compact Hausdorff space A and to transfer the original Dirichlet 
form {S, J-") on X into a regular Dirichlet form {S, J-') on A. To be more precise, let {X, X, /i) 
be a measure space and, as in Section [3l let bX denote the space of all bounded A'-measurable 
functions on X. Let {S,J^) be a Dirichlet form on L2{X,n) and recall the definition f l2^ of 
the algebra B, that is 

B := {f ^ hX : the /i-equivalence class of / is in fl Li{X, ji)} . 

We additionally assume that B vanishes nowhere on X, this assumption is weaker than 
Assumption 13.11 Now consider the complex closure A{B) of B in the supremum norm. The 
algebra A{B) is a C*-algebra, and together with the Gelfand topology the set A of its nonzero 
characters becomes a locally compact Hausdorff space, called the Gelfand spectrum of A{B), 
see e.g. pB]. It 'contains' X, more precisely, each x E X defines a nonzero homomorphism 
l{x) G a from the C*-algebra into C by t{x){f) := /(x), and the image t{X) is a dense 
subset of A. Moreover, there is a uniquely determined nonnegative Radon measure /t on A 
such that 



fdjj = / fdfi for all f E B, 
X J A 

where f ^ f denotes the Gelfand transform, [SB]- Setting 

£{f,g):=£{f,9), f^geB, 
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we obtain a densely defined, non-negative definite symmetric bilinear form on L2(A,/t). In 
[22| Theorem 5.1] we have shown that {£,B) is closable in L2{X,fi), and its closure {£,fi) 
is a symmetric regular Dirichlet form. Here B denotes the image of B under the Gelfand 
transform. We refer to {S,J^) as the transferred Dirichlet form. 

Remark 5.1. For spaces X that carry a (non-locally compact) topology a similar procedure 
has been used by several authors to embed X into a locally compact space, [U ED], for 
instance to construct a Hunt process on X associated with {S, J-"). To ensure the embedding 
has sufficiently nice properties, some additional conditions must be imposed, cf. [U Section 
2]. 

This setup can be combined with Lemma 11.11 and Theorem 11.11 We use the notation 
Be := ^f E B : f has compact support |. 

Theorem 5.1. Let {X,X,fi) be a measure space and {S^T) a Dirichlet form on L2{X,fi). 
Assume that B vanishes nowhere on X . Then the following hold: 

(i) There exists a minimal energy dominant measure m for the transferred Dirichlet form 
{£,jF) on the locally compact Hausdorff space A. 

(ii) The form {£,Bc) is closable in L2(A,m), and its closure J^*-*"^) is a regular sym- 
metric Dirichlet form. 

(iii) The Dirichlet form {£,J^^"^^) admits a carre du champ. 

Theorem 15.11 says that any energy form can be transferred to a possibly larger state space 
on which it admits a carre du champ (with respect to a suitable reference measure). 

Remark 5.2. [221 Example 6.1] tells that in general we cannot expect to be able to pull back 
the energy measures of {S, T) on A to X. The same happens with the measure m, which is 
well defined on A, but may have no pull-back to X. 
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